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Abstract
The Hermite-Gaussian (HG) modes, sometimes also referred to as transverse electromagnetic modes
in free space, form a complete and orthonormal basis that have been extensively used to describe optical
fields. In addition, these modes have been shown to be helpful to enhance information capacity of optical
communications as well as to achieve super-resolution imaging in microscopy. Here we propose and present
the realization of an efficient, robust mode sorter that can sort a large number of HG modes based on
the relation between HG modes and Laguerre-Gaussian (LG) modes. We experimentally demonstrate the
sorting of 16 HG modes, and our method can be readily extended to a higher-dimensional state space in a
straightforward manner. We expect that our demonstration will have direct applications in a variety of fields
including fiber optics, classical and quantum communications, as well as super-resolution imaging.
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The transverse modes of electromagnetic waves have long been used in fundamental studies of
beam propagation [1]. Spatial mode decomposition of optical fields can facilitate the understand-
ing and analyzing of optical beam in free space [2, 3], graded-index multi-mode fibers [4, 5], and
waveguides [6]. Beyond their advantage for theoretical work, the transverse degrees of freedom
of photons are recognized as information resources for both classical and quantum information
technologies because of the unbounded Hilbert space spanned by these spatial mode basis sets [7–
10]. The Hermite-Gaussian (HG) modes are the propagation-invariant modes in parabolic-index
multi-mode fibers [5, 11] and closely resemble the communication modes of square apertures
for free-space propagation [12], which suggests the potential of HG modes in optical communi-
cations. In addition, very recently it has been shown that the detection of HG modes can beat
”Rayleigh’s curse” and realize super-resolution imaging [13]. It is proposed that spatial mode de-
composition in the HG basis can reach the Crame´r-Rao bound for resolving two closely located
point sources, while the classical Fisher information of traditional imaging in the position basis
inherently drops to zero. There have been various experimental investigations that propose alter-
native detection strategies to achieve a nonzero Fisher information for a small separation [14–16].
However, because of the lack of an efficient HG mode sorter, the Crame´r-Rao bound remains to
date inaccessible.
Despite the usefulness of HG modes in various areas, practical applications have been so far
impeded by the difficulty in efficient detection of these modes. In contrast, the sorting of the
Laguerre-Gaussian (LG) modes, the rotationally-symmetric counterparts of HG modes, have been
experimentally demonstrated [17–21]. The azimuthal structure of LG modes is found to be directly
related to the orbital angular momentum (OAM) of photons [22], and it has been shown that a
Cartesian to log-polar transformation can enable an OAM mode sorter to identify a large number
of OAM modes [17–19]. Nonetheless, this method is not directly applicable to the HG modes.
Several previous investigations on the sorting of HG modes are based on cascaded Mach-Zenhder
interferometers [23, 24], and the practicality of such approaches greatly limits the number of HG
modes that can be sorted. The multi-plane light conversion method has also been proposed to sort
the spatial modes [25]. While this method is able to separate many modes simultaneously, the
crosstalk between neighboring modes is relatively high and a large number of planes are usually
needed to reduce the crosstalk. Therefore it remains highly desirable to build a robust sorter that
can efficiently separate many HG modes with low crosstalk.
Here we describe a method for efficiently sorting HG modes. This method entails converting
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FIG. 1. (a) Conversion relation between HG modes and LG modes. Each dot represents a HGmn mode and
the number under the dot denotes the mode indices mn. The HG modes in the same column are converted
to LG modes of the same OAM index `, and the modes in the same row correspond to the LG modes of the
same radial index p. (b) Experimental results of mode conversion from HG20 to LG02 and from HG42 to
LG22. (c) Schematic of the HG mode sorter. A binary grating on SLM1 generates HG modes in the first
diffraction order that are then analyzed by the rest of the setup. The FRFT module consists of two SLMs
and two lens. Two cylindrical lenses (CLs) form the pi/2 mode converter. The OAM sorter consists of an
unwrapper and a phase corrector to perform Cartesian to log-polar transformation.
a HG mode to a unique LG mode and then sorting the LG mode with known methods. This
sorter operates by sequentially applying a fractional Fourier transform (FRFT) module [21], an
astigmatic mode converter [26], and an OAM mode sorter. Our scheme takes advantage of a useful
relation between HG modes and LG modes: the conversion between these two families of modes
can be realized by an astigmatic mode converter [26]. This mode converter can be implemented by
two cylindrical lenses, and it has been shown that such a converter can transform HGmn to LGp`
conditioned on p = min(m,n) and ` = m−n, where m and n are the mode indices of a HG mode
along x and y directions, and p and ` are the radial and azimuthal indices of a LG mode. Therefore,
when we cascade an astigmatic mode converter and an LG mode sorter, we can realize a HG mode
sorter. In Fig. 1 (a) the conversion relationship between HG modes and LG modes is visualized,
and the experimental results of two HG-LG mode conversions are shown in Fig. 1 (b). The HG
modes in different columns in Fig. 1 (a) can be converted to LG modes of different OAM indices,
and therefore can be resolved by an OAM sorter. For example, we note that HGm0 (HG0n) can
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be transformed to LG0m (LG0,−n), and therefore one can readily utilize an OAM mode sorter to
unambiguously sort HG modes with one zero index. This result leads to significant consequences,
such as for super-resolution imaging in microscopy, as an efficient sorting of HG00, HG01, and
HG10 modes can resolve sub-diffraction objects and attain the Crame´r-Rao bound [13].
In order to determine both mode indices m and n simultaneously, however, the knowledge of
` = m − n is not sufficient. In other words, another index p = min(m,n) needs to be identified
to completely characterize the LG mode converted from a HG mode. Here we resort to the FRFT
as a secondary sorting mechanism, which has been recently used to sort the radial index of LG
modes [21, 27]. Since the HG modes are the eigenmodes of FRFT, they keep invariant under such
a transform except for a mode-dependent Gouy phase. This transformation can be written as [28]
Fα[HGmn(x0, y0)] = exp[−i(m+ n)α] · HGmn(x, y), (1)
where Fα denotes an FRFT of order α, and HGmn(x, y) is the transverse field distribution at the
beam waist plane which can be expressed as
HGmn(x, y) = CmnHm
(√
2x
w0
)
Hn
(√
2y
w0
)
e−(x
2+y2)/w20 , (2)
where Cmn is some normalization factor, Hm(·) and Hn(·) are the Hermite polynomials of or-
der m and n respectively, and w0 is the beam waist radius. One can notice that the Gouy phase
exp[−i(m+ n)α] contains information regarding the mode order m + n, and it has been demon-
strated that an interferometer can be built to sort beams of different mode order m + n to dif-
ferent output ports [23, 24]. In our experiment, we implement a common-path interferometer
by using polarization-dependent SLMs to realize an inherently stable sorter [27]. The horizon-
tal and vertical polarizations are employed as two arms of a Mach-Zenhder interferometer, and
two polarization-sensitive SLMs are used to perform FRFT of different orders to the two po-
larizations respectively. If the FRFT order difference is ∆α, then a mode-dependent phase of
∆φ = −(m + n) · ∆α is introduced between the two polarizations at the output of the FRFT
module. By measuring the polarization state of the output photons, one can determine the value
of m + n. Due to the bounded two-dimensional Hilbert space of polarization, our FRFT module
and the following OAM mode sorter can only resolve the HG modes located at the top two rows
in Fig. 1(a). However, the sorting capability can be readily extended by cascading more FRFT
modules as will be discussed later.
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FIG. 2. Experimental results of the HG mode sorter. (a)-(d) Intensity distribution on two cameras when in-
dividual HG modes are injected. The mode indicesmn are labelled beside each sorted mode. (e) Combined
intensity distribution on two cameras when incident modes include HG0n of n = 0, 2, · · · , 8 and HGm0
of m = 0, 2, · · · , 8. (f) Combined intensity distribution at two output ports when incident modes include
HG1n of n = 1, 3, 5, 7 and HGm1 of m = 1, 3, 5, 7.
The experimental schematic of our HG mode sorter is shown in Fig. 1 (c). A 633 nm He-Ne
laser is spatially filtered by a single mode fiber (SMF) and then collimated to illuminate SLM 1. A
computer-generated hologram is imprinted on SLM 1 to generate HG modes in the first diffraction
order [29]. A polarizer sets the light to be diagonally polarized. The beam waist radius of HG
modes is 462.3 µm. A quadratic phase equivalent to that of a 0.62 m lens is imprinted on SLM 2
and SLM 3. Each SLM is attached with a lens of focal length 1.5 m, and in the experiment we
realize this by relaying each lens to the corresponding SLM via a 4-f system respectively. Both
SLMs are only effective to horizontal polarization and do not modulate the vertical polarization.
The free-space propagation distance between SLM2 and SLM3 is chosen to be 2z, where z =
0.44 m. It can be verified that SLM 2, SLM 3, and two spherical lenses implements an FRFT
of α = pi/2 to vertical polarization [27]. For horizontal polarization, these elements act as a
4-f system of α = pi. According to Eq. (1), the diagonally polarized input HG modes become
diagonally (anti-diagonally) polarized at the output when the value (m+n)/2 is even (odd). After
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FIG. 3. (a) Conceptual schematic of HG mode sorter of an extended dimension. A HGmn is first transformed
to LGp`, and then FRFT modules cascaded by a Dove prism inside a Sagnac interferometer are applied to
sort the LG mode. Relay lenses to prevent spatial modes from diffraction are omitted for simplicity. (b)
Simulated sorting result for entire 20 HG modes which are listed in Fig. 1(a). Each mode is normalized
to have the same maximum intensity. It can be noticed that each mode is mapped to distinct position on
cameras unambiguously. The mode index mn is labeled around the corresponding sorted mode.
this module, two relay lenses resize the beam waist radius to match an astigmatic mode converter
constituted by a pair of 45-degree oriented cylindrical lenses. The focal length of each cylindrical
lens fCL, the beam waist radius w0, and the separation between two cylindrical lenses sCL are
related by the following equations [26]:
w0 =
√
(1 + 1/
√
2)λfCL
pi
, sCL =
√
2fCL, (3)
where λ = 633 nm is the laser wavelength. In our experiment we use fCL = 10 cm and sCL = 14.1
cm, and the consequent beam waist radius is w0 = 185.5 µm. The transformed HG modes, which
have become LG modes at this point, are sent to a polarization-independent OAM mode sorter
[19]. A half wave-plate (HWP) and a polarizing beamsplitter (PBS) directs photons to different
output ports according to their orthogonal polarization assigned by the FRFT module.
The experimental results of our HG mode sorter are shown in Fig. 2. In Fig. 2(a)-(d) we
present the images on two cameras when HG modes are injected into the sorter individually. In
Fig. 2(e) we combine the sorting result of HG0n with n = 0, 2, · · · , 8 as well as HGm0 with
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m = 0, 2, · · · , 8. The lowest index of these modes is 0, which is represented by the first row in
Fig. 1(a). We choose the index spacing to be 2 to reduce the overlap between neighboring modes
for the purpose of better visualization. We emphasize that there is no fundamental restriction
on the index spacing provided that the OAM mode sorter can have a sufficient mode resolution
[17]. One can notice that the HG modes for which (m+n)/2 is even (odd) are routed to camera 1
(camera 2) as a result of the FRFT module. As mentioned earlier, one FRFT module and one OAM
mode sorter can resolve the modes in the top two rows in Fig. 1(a), and the experimental evidence
is presented in Fig. 2(f). We generate HG1n with n = 1, 3, 5, 7 and HGm1 with m = 1, 3, 5, 7,
and combine the corresponding images from two cameras. The lowest index of these modes is
1, which are represented by the second row in Fig. 1(a). Notably, one can see that these two
sets of modes occupy different positions on cameras and in principle can be fully identified by
a high-resolution OAM sorter [17]. However, we also note that our setup cannot separate HG
modes whose mode order m + n is odd. For example, one can verify that HG10 and HG21 cannot
be separated by either FRFT module or the subsequent OAM mode sorter. This problem can be
addressed by cascading a Dove prism and a Sagnac interferometer to the FRFT module [30]. Here
we provide a conceptual design and demonstrate how to extend the dimension of a HG mode
sorter. As shown in Fig. 3(a), the input linearly polarized HGmn is converted to LGp` and sent
to the subsequent LG mode sorter. Compared to Fig. 1, we place the astigmatic mode converter
before the FRFT module due to the consideration of simplicity. The input HGmn mode and the
converted LGp` mode is related by m+n = 2p+ |`|, and the phase induced by FRFT is a function
of m + n for HG modes and 2p + |`| for LG modes. Therefore swapping the mode converter
and the FRFT module does not influence the sorting mechanism. Each FRFT module is followed
by a Dove prism inside a Sagnac interferometer. The FRFT module induces a phase difference
∆ψ1 = −(m + n) · ∆α to horizontal and vertical polarizations [21], and the Dove prism can
rotate horizontally and vertically polarized LG modes by an angle of 2β and −2β respectively,
where β is the orientation angle of the Dove prism. This polarization-dependent rotation leads
to a phase difference of ∆ψ2 = −4β(m − n) between horizontal and vertical polarizations [20],
where m − n = ` represents the OAM index of the converted LG modes. Therefore the total
phase difference is ∆ψ = −[(∆α + 4β)m + (∆α − 4β)n] and one can realize an unambiguous
sorting with appropriately selected ∆α and β. These parameters used in each stage are provided
in Fig. 3(a). It can be verified that all HG modes will now be guided towards a unique, mode-
dependent output port [30], and the output port of each mode can be predicted by Eq. (1). We
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numerically simulate the output image of this extended sorter, and the combined simulation result
for 20 HG modes is presented in Fig. 3(b). These 20 HG modes are the modes listed in Fig. 1(a)
with a mode index spacing of 1. In the simulation we use a beam-copying grating in an OAM
sorter, which can create 7 copies of a beam to improve the mode resolution [17]. It can be noticed
that these 20 HG modes can be well separated to distinct positions unambiguously with negligible
crosstalk. As demonstrated in [17], with a beam-copying grating the separation efficiency can be
improved to theoretically 97%, and experimentally achieved efficiency can be larger than 92%.
We also emphasize that by removing the astigmatic LG-HG mode converter, this sorter becomes
a LG mode sorter and can unambiguously separate LG modes of p ∈ {0, 1, 2, 3} and arbitrary `.
In our experiment the loss mainly comes from the SLMs due to the limited light utilization
efficiency, which might impede the scaling shown in Fig. 3. However, we note that the SLMs
can be readily replaced by other low-loss devices, such as the commercially available polariza-
tion directed flat lenses [30]. In addition, since all devices employed in our scheme are essentially
phase-only elements, the loss can in principle be reduced to zero if appropriate anti-reflection coat-
ing is applied on all elements. However, given that the polarization has been used in our scheme to
realize a robust FRFT module, our sorter cannot work directly for an arbitrary polarization. This
limitation can be lifted e.g., by using a polarization-independent FRFT module [21] or by inserting
a PBS to separate polarizations before the sorter. Moreover, the sorting scheme presented here can
in principle be used to HG modes of different wavelengths. As can be seen in Eq. (3), the param-
eters fCL and sCL remains the same as long as w20/λ keeps constant, which is also true for the
parameters of the FRFT module (see Eq. (3) in [21]). We also note that the material dispersion is
the only factor that limits the spectral bandwidth of OAM mode sorter [19]. Therefore, our sorter
in principle can have a relatively broad bandwidth provided that w20/λ is constant and material
dispersion is small.
In conclusion, we have proposed and experimentally realized a scalable scheme that can effi-
ciently sort a large number of HG modes. Our scheme is based on an astigmatic mode converter
to transform HG modes to LG modes and takes advantage of a LG mode sorter to realize a mode
sorter for a large number of HG modes. Further increasing the dimension is straightforward and
a conceptual schematic has been presented and numerically simulated. Taking into account the
broad use of HG modes, we expect that our demonstration can facilitate fundamental studies of
beam analysis in free space and graded-index multi-mode fiber, and can enhance a variety of appli-
cations such as super-resolution imaging, optical communications, and quantum key distribution.
8
ACKNOWLEDGMENTS
U.S. Office of Naval Research (grant No. N000141712443 and N000141512635). R. W. B.
acknowledges support from Canada Excellence Research Chairs Program and Natural Science
and Engineering Research Council of Canada.
[1] Orazio Svelto, Principles of lasers (Springer, New York, 2005).
[2] Carl Paterson, “Atmospheric turbulence and orbital angular momentum of single photons for optical
communication,” Phys. Rev. Lett. 94, 153901 (2005).
[3] Larry C Andrews and Ronald L Phillips, Laser beam propagation through random media (SPIE Press
Bellingham, Washington, 2005).
[4] William H Renninger and Frank W Wise, “Optical solitons in graded-index multimode fibres,” Nat.
Commun. 4, 1719 (2013).
[5] Dirk E Boonzajer Flaes, Jan Stopka, Sergey Turtaev, Johannes F de Boer, Toma´sˇ Tyc, and Toma´sˇ
Cˇizˇma´r, “Robustness of light-transport processes to bending deformations in graded-index multimode
waveguides,” Phys. Rev. Lett. 120, 233901 (2018).
[6] Alejandro Ortega-Monux, J Gonzalo Wangu¨emert-Pe´rez, and Inigo Molina-Ferna´ndez, “Adaptive
hermite–gauss decomposition method to analyze optical dielectric waveguides,” J. Opt. Soc. Am. A
20, 557–568 (2003).
[7] Jian Wang, Jeng-Yuan Yang, Irfan M Fazal, Nisar Ahmed, Yan Yan, Hao Huang, Yongxiong Ren,
Yang Yue, Samuel Dolinar, Moshe Tur, et al., “Terabit free-space data transmission employing orbital
angular momentum multiplexing,” Nat. Photonics 6, 488–496 (2012).
[8] Alois Mair, Alipasha Vaziri, Gregor Weihs, and Anton Zeilinger, “Entanglement of the orbital angular
momentum states of photons,” Nature 412, 313–316 (2001).
[9] Mohammad Mirhosseini, Omar S Magan˜a-Loaiza, Malcolm N OSullivan, Brandon Rodenburg, Mehul
Malik, Martin PJ Lavery, Miles J Padgett, Daniel J Gauthier, and Robert W Boyd, “High-dimensional
quantum cryptography with twisted light,” New J. Phys. 17, 033033 (2015).
[10] Fumin Wang, Pei Zeng, Xiaoli Wang, Hong Gao, Fuli Li, and Pei Zhang, “Towards practical high-
speed high dimensional quantum key distribution using partial mutual unbiased basis of photon’s
orbital angular momentum,” arXiv:1801.06582 (2018).
9
[11] Mahdieh B Shemirani, Wei Mao, Rahul Alex Panicker, and Joseph M Kahn, “Principal modes in
graded-index multimode fiber in presence of spatial-and polarization-mode coupling,” J. Lightwave
Technol. 27, 1248–1261 (2009).
[12] Brandon Rodenburg, Communicating with transverse modes of light, Ph.D. thesis, University of
Rochester (2015).
[13] Mankei Tsang, Ranjith Nair, and Xiao-Ming Lu, “Quantum theory of superresolution for two inco-
herent optical point sources,” Phys. Rev. X 6, 031033 (2016).
[14] Weng-Kian Tham, Hugo Ferretti, and Aephraim M Steinberg, “Beating rayleighs curse by imaging
using phase information,” Phys. Rev. Lett. 118, 070801 (2017).
[15] Martin Pau´r, Bohumil Stoklasa, Zdenek Hradil, Luis L Sa´nchez-Soto, and Jaroslav Rehacek, “Achiev-
ing the ultimate optical resolution,” Optica 3, 1144–1147 (2016).
[16] Fan Yang, Arina Tashchilina, Eugene S Moiseev, Christoph Simon, and Alexander I Lvovsky, “Far-
field linear optical superresolution via heterodyne detection in a higher-order local oscillator mode,”
Optica 3, 1148–1152 (2016).
[17] Mohammad Mirhosseini, Mehul Malik, Zhimin Shi, and Robert W Boyd, “Efficient separation of the
orbital angular momentum eigenstates of light,” Nat. Commun. 4, 2781 (2013).
[18] Gregorius CG Berkhout, Martin PJ Lavery, Johannes Courtial, Marco W Beijersbergen, and Miles J
Padgett, “Efficient sorting of orbital angular momentum states of light,” Phys. Rev. Lett. 105, 153601
(2010).
[19] Martin PJ Lavery, David J Robertson, Gregorius CG Berkhout, Gordon D Love, Miles J Padgett, and
Johannes Courtial, “Refractive elements for the measurement of the orbital angular momentum of a
single photon,” Opt. Express 20, 2110–2115 (2012).
[20] Jonathan Leach, Miles J Padgett, Stephen M Barnett, Sonja Franke-Arnold, and Johannes Courtial,
“Measuring the orbital angular momentum of a single photon,” Phys. Rev. Lett. 88, 257901 (2002).
[21] Yiyu Zhou, Mohammad Mirhosseini, Dongzhi Fu, Jiapeng Zhao, Seyed Mohammad Hashemi Raf-
sanjani, Alan E. Willner, and Robert W. Boyd, “Sorting photons by radial quantum number,” Phys.
Rev. Lett. 119, 263602 (2017).
[22] Les Allen, Marco W Beijersbergen, RJC Spreeuw, and JP Woerdman, “Orbital angular momentum of
light and the transformation of laguerre-gaussian laser modes,” Phys. Rev. A 45, 8185 (1992).
[23] Xin Xue, Haiqing Wei, and Andrew G Kirk, “Beam analysis by fractional fourier transform,” Opt.
Lett. 26, 1746–1748 (2001).
10
[24] Jesu´s Lin˜ares, Xesu´s Prieto-Blanco, Vicente Moreno, Carlos Montero-Orille, Dolores Mouriz,
Marı´a C Nistal, and David Barral, “Interferometric space-mode multiplexing based on binary phase
plates and refractive phase shifters,” Opt. Express 25, 10925–10938 (2017).
[25] Nicolas K Fontaine, Roland Ryf, Haoshuo Chen, David T Neilson, Kwangwoong Kim, and Joel
Carpenter, “Laguerre-gaussian mode sorter,” arXiv:1803.04126 (2018).
[26] Marco W Beijersbergen, Les Allen, HELO Van der Veen, and JP Woerdman, “Astigmatic laser mode
converters and transfer of orbital angular momentum,” Opt. Commun. 96, 123–132 (1993).
[27] Yiyu Zhou, Mohammad Mirhosseini, Stone Oliver, Jiapeng Zhao, Seyed Mohammad Hashemi Raf-
sanjani, Martin P. J. Lavery, Alan E. Willner, and Robert W. Boyd, “High-dimensional free-space
quantum key distribution using spin, azimuthal, and radial quantum numbers,” arXiv:1809.09986
(2018).
[28] Luis B Almeida, “The fractional fourier transform and time-frequency representations,” IEEE Trans.
Signal Process. 42, 3084–3091 (1994).
[29] Mohammad Mirhosseini, Omar S Magana-Loaiza, Changchen Chen, Brandon Rodenburg, Mehul
Malik, and Robert W Boyd, “Rapid generation of light beams carrying orbital angular momentum,”
Opt. Express 21, 30196–30203 (2013).
[30] Dongzhi Fu, Yiyu Zhou, Rui Qi, Stone Oliver, Yunlong Wang, Seyed Mohammad Hashemi Raf-
sanjani, Jiapeng Zhao, Mohammad Mirhosseini, Robert W. Boyd, and Pei Zhang, “Realization of
a scalable laguerre-gaussian mode sorter based on a robust radial mode sorter,” arXiv:1809.10319
(2018).
11
